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Effect of Wall Roughness on the Flow Through
Converging – Diverging Nozzles

Venkata S. Krishnamurty* and Wei Shyy†
University of Florida, Gainesville, Florida 32611

An understanding of the effect of wall roughness on turbulent � ows is important in many engineering
applications. The roughness can affect both skin-friction and pressure drag through such factors as the
thrust ratios, discharge coef� cients, and static pressure distributions. The effect of roughness height on
the performance of two-dimensional, converging – diverging nozzles is studied computationally. It is ob-
served that while the total thrust decreases as the wall roughness increases, there is a tradeoff between
the losses associated with the shock system and those associated with the skin-friction. However, the
normalized skin-friction coef� cient is seen to be virtually independent of the Mach number variation. An
empirical correlation is proposed to � t the observed variation of skin-friction coef� cient as a function of
the roughness height.

Nomenclature
A = area of the control volume
A1 = damping function
a = speed of sound
Cd = mass � ow coef� cient
CF = axial thrust coef� cient
C f = skin-friction coef� cient
C f ,compr = skin-friction coef� cient for compressible � ows
C f ,inc = skin-friction coef� cient for equivalent

incompressible � ows
Cp = speci� c heat at constant pressure
Cv = speci� c heat at constant volume
E = speci� c total energy
e = speci� c internal energy
H = speci� c total enthalpy
k = turbulent kinetic energy
kr = wall roughness height
M = Mach number
Pr = Prandtl number
p = instantaneous static pressure
qi = heat � ux vector
Re = Reynolds number
r = recovery factor
T = temperature
up = velocity component along the direction parallel to

the wall
ut = friction velocity, t /rw wÏ
u1 = nondimensional velocity, up/ut

x, y = spatial coordinates
y1 = nondimensional distance, ryut /m, from the wall
g = ratio of speci� c heats, Cp/Cv

dij = Kronecker delta
« = rate of dissipation of turbulent kinetic energy
k = von Kármán constant, 0.41
m = coef� cient of viscosity
n = coef� cient of kinematic viscosity, m /r
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r = density
t = viscous stress

¯ = Reynolds (ensemble) average
˜ = Favre (mass-weighted average)

Subscripts
amb = ambient
compr = compressible � ows
d = design condition
e = exit
eff = effective
inc = incompressible � ows
L = laminar
p = parallel to the wall
t = turbulent or throat
w, wall = wall conditions
0 = stagnation conditions
` = freestream conditions
, = derivative in tensorial notation

Superscripts
9 = � uctuations with respect to a Reynolds

(ensemble) average
0 = � uctuations with respect to a Favre (mass-

weighted average)
1 = nondimensional quantity

I. Introduction

T HE performance of a nozzle is dependent on such factors
as the geometry, the in� uence of friction, heat transfer,

composition change, and shocks.1 In this paper, we consider
the in� uence of friction on the performance characteristics of
two-dimensional converging – diverging nozzles. The accurate
prediction of turbulent � ows over rough surfaces is an impor-
tant problem for many systems of engineering interest. Be-
cause the skin friction and other associated losses for the tur-
bulent � ow over a rough surface can be signi� cantly larger
than that for the corresponding � ow over a smooth surface,
and the nature of the � ow� eld over a rough and a smooth wall
can be different, there is a practical need for accurate predic-
tive capabilities to determine these losses to aid in the im-
provement of engineering designs. For many systems, rough
walls cannot be avoided because of such factors as manufac-
turing limitations and wear. However, in many other situations,
the presence of rough walls is the result of a tradeoff in which
certain levels of additional friction losses are accepted to
achieve other goals. An example is the use of acoustic tiles
inside a supersonic jet engine nozzle.
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Various aspects of the effect of surface roughness on the
skin-friction drag problem have been treated by many inves-
tigators in the low-speed incompressible � ow case. The most
systematic experimental investigation of both the skin-friction
drag and the development of the boundary-layer structure on
a rough surface was carried out by Nikuradse (see Ref. 2, p.
654).

The conventional engineering representation of the wall fric-
tion gives the wall shear stress twall as

2t = c (ru /2) (1)wall f `

Based on dimensional arguments,3 the skin-friction coef� cient
depends upon the Mach and Reynolds numbers and the rough-
ness of the wall, i.e.,

c = c (M, Re, k ) (2)f f r

where kr is a dimensionless measure of the surface roughness.
On a smooth wall, an increase in Mach number results in a
decrease in the skin-friction coef� cient, thereby thickening the
laminar sublayer. When the wall is rough, the in� uence of
Mach number on skin friction is even greater. According to
Liepmann and Goddard4 and Goddard,5 the ratio cf ,compr/cf ,inc

for the completely rough regime becomes proportional to the
density ratio rwall/r`. A simple rule for the effect of Mach
number on the drag of a fully rough surface is given as (for
� at-plate boundary layers)4

c 1f ,compr
= (3)2c 1 1 r[(g 2 1)/2]Mf ,inc `

However, from his experimental measurements, Goddard5 ob-
serves that the Mach number has little effect on the ratio
cf /cf0, where cf is the coef� cient for rough walls, and cf0 is the
coef� cient for smooth walls. Goddard5 remarks that the ‘‘effect
of surface roughness on skin-friction drag is localized deep
within the boundary layer at the surface itself and is indepen-
dent of the external � ow, i.e., Mach number, per se, is elimi-
nated as a variable.’’ Computational studies conducted by Wil-
cox6 support the viewpoint that Mach number has little effect
on predicted values of cf/cf0. The observations in the preceding
text of the effect of surface roughness on the skin-friction co-
ef� cient are for � at-plate boundary layers, and there is little
information on the effect of wall roughness on compressible
� ow with pressure gradients. This study is, in part, motivated
to extend our knowledge of � at-plate � ows to two-dimensional
converging – diverging nozzle � ow� elds. The other motivation
is to gain insight into the relative role of skin-friction and
shock-induced pressure loss in turbulent shear � ows in the
presence of wall roughness.

In Sec. II, a brief review of the literature is presented with
a discussion of relevant experimental and numerical modeling
approaches to study the effect of wall roughness. A description
of the modi� cations used in this computational work (in the
framework of the k-« model) is also presented. Details of the
computational study are presented in Sec. III. Section IV pre-
sents a discussion of the results obtained in this computational
study. Section V concludes this paper with remarks on the
outcome of this computational study.

II. Physical Models of Wall Roughness
A. Literature Review

Approaches to modeling wall roughness broadly include 1)
momentum integral methods, 2) equivalent sand-grain rough-
ness approaches, and 3) discrete-element approaches. Momen-
tum integral methods rely on empirical correlation for skin-
friction coef� cient and boundary-layer entrainment to predict
the evolution of turbulent boundary layers over rough walls.
These methods are of limited applicability primarily because

of restrictive assumptions about the � ow at the wall, and they
are not considered here. The latter two approaches can be di-
rectly employed within the framework of computational pro-
cedures based on the Navier– Stokes equations and are of pri-
mary concern.

The equivalent sand-grain approach to roughness is suf� -
cient for surfaces with distributed roughness for which an ef-
fective sand-grain height can be found. Some questions can be
raised regarding the usefulness of this approach for surfaces
with localized roughness features. One fundamental issue of
concern is the validity of the assumption that the boundary
conditions based on the law of the wall hold (which is modi-
� ed by simply shifting the origin of the reference point ac-
cording to the roughness length scale), for surfaces with large
enough discrete local roughness features. Such features may
completely change the local � ow structure in the vicinity of
the wall because of the local generation of vorticity. Another
more practical issue of concern is that of determining the
equivalent sand-grain roughness height, which is an inherently
distributed property, for a surface with discrete local roughness
pro� les.

To obviate the use of an equivalent sand-grain roughness
and to gain a greater understanding of the in� uence of local
roughness effects on turbulent skin-friction production, the dis-
crete-element approach has been employed by several re-
searchers. In this approach, the rough surface elements are
treated as individual protrusions into the � ow past an otherwise
smooth wall. The primary contributions to the overall losses
at the wall are assumed to come from both local skin-friction
and form drag as a result of the protrusion of the roughness
elements from the wall. The contribution of form drag to the
overall resistance at the wall is one signi� cant element that is
unaccounted for in the equivalent sand-grain approach. Many
implementations of the basic discrete-element approach have
been developed.7– 11 Common to most of these methods is the
introduction of blockage factors into the transport equations to
account for the reduced cross-sectional area provided to the
� ow because of the presence of the roughness elements. In
addition, most of these methods incorporate an explicit form
drag term in the momentum equations. Use of the discrete-
element approach has mostly concentrated on the prediction of
turbulent � ow over an evenly spaced array of objects, although
some progress in the area of stochastic roughness has been
made.11 Most of these models have been correlated with ex-
perimental data for relatively simpli� ed � ows with discrete
elements of � xed shape, including cones, spheres, and squares.

In the present work, the sand-grain roughness modeling ap-
proach is adopted. One reason is that for many applications,
an effective sand-grain roughness height for a rough surface
can be successfully and practically determined. Moreover, the
equivalent sand-grain roughness concept can be conveniently
and effectively incorporated in two-equation models of tur-
bulence that are still the model of choice for most practical
engineering applications. However, since shock strength and
location vary with the sand-grain thickness, the overall effect
of wall roughness must account for the form drag as well. In
the following, we will discuss the approach that has been taken
to incorporate the sand-grain roughness concept in two-equa-
tion models.

B. Modi� cations

The equivalent sand-grain roughness concept was initiated
to utilize the rough wall skin-friction data compiled by Niku-
radse (Ref. 2, p. 654). The equivalent sand-grain roughness for
a given surface is de� ned as the sand-grain size in Nikuradse’s
experiments that produces the same skin-friction loss at the
surface. The application of the equivalent sand-grain roughness
approach is most often used in the framework of two-equation
turbulence models. The effect of wall roughness on the law of
the wall is usually incorporated by an upward shifting of the
effective origin of the coordinate normal to the rough surface.
Such a shift in the plane of reference from the
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Table 1 Nozzle design parameters18

Parameter Ae/At l, cm Md NPRd rc, cm u, deg a, deg

Nozzle A1 1.09 11.56 1.35 2.97 0.68 20.84 1.21
Nozzle B1 1.80 11.56 2.08 8.81 0.68 20.84 10.85

Fig. 2 Grid independence test; comparison of pressure distri-
bution along the nozzle upper wall. ——, 297 3 61 grid; – – – , 297
3 101 grid, and 0, experiment.18 Nozzle A1: a) smooth wall and
b) rough wall, kr = 1023.

Fig. 1 Nozzle geometry and computational domain18: a) geome-
try and b) computational domain with relevant boundaries.

wall location to a lower position is used to re� ect the lower
rate of turbulent momentum exchange for a rough wall vs a
smooth wall under identical freestream conditions.

As far as the effect of equivalent sand-grain roughness is
concerned, the approach normally taken is to incorporate the
length of the sand-grain roughness into the turbulence model,
to modify the predicted velocity pro� le. Several alternatives
have been employed. For example, in the turbulence models
employing the Van Driest formula for the mixing length, the
following modi� cation is made to account for roughness12:

1 1y 1 Dy
1 1 1l = k(y 1 Dy ) 1 2 exp 2 (4)F S DG1A

where l1 is the nondimensional length-scale, and y1 = yut /n is
the nondimensional distance from the wall (wall coordinate).
The shift in the wall coordinate Dy1 is a function of the sand-
grain roughness parameter = krut /n :1kr

1 1 1 1Dy = 0.9 { k 2 k exp[2(k /6)]} (5)Ï r r r

A1 in Eq. (4) is a damping function. Cebeci and Chang7 de� ne
it as a function of the pressure gradient while using Eq. (5).
Krogstad13 has also employed a version of this model with
some modi� cations.

In the present work, we have used the high-Reynolds num-
ber version of the k-« model with the wall functions (modi� ed
to account for surface roughness), which is the turbulence
model commonly adopted in many engineering calculations.
For compressible � ows, certain modi� cations to the k-« model
are necessary and have been proposed.14 However, in the pres-
ent Mach number range, the impact of these modi� cations is
negligible.

The two-equation models of eddy– viscosity offer a viable
approach to obtain information regarding the average varia-
tions in the � ow� eld. To solve the compressible turbulent � ow-
� eld, we made use of a mixed-averaging technique, whereby
the velocity components and the temperature are averaged us-
ing a mass-weighted averaging procedure and the density and

pressure are Reynolds averaged. Accordingly, the variables are
split into their mean and average as follows:

r = r̄ 1 r9

˜u = u 1 u0i i i
(6)

p = p̄ 1 p9

˜T = T 1 T 0

In the following equations (in their averaged form) we will
drop the overbar and the tilde.

The equations of motion in their averaged, modeled form
are given as

­uD j
(r) 1 r = 0 (7)

Dt ­xj

D ­p ­
(ru ) = 2 1 (8)j SODDt ­x ­xj i ji

­ ­ ­ ­k
(rE ) 1 (ru H ) = u 2 q 1 G (9)j j i kS O D­t ­x ­x ­xj i iji

where

D ­ ­
= 1 u (10)j

Dt ­t ­xj
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Table 2 Comparison of nozzle performance parameters (nozzle A1)
for the two grid systems

Case

Smooth wall

297 3 61 297 3 101 Change

Rough wall: kr = 1023

297 3 61 297 3 101 Change

Cd 0.9598 0.9603 0.0005 0.9590 0.9599 0.0009
CF 0.9672 0.9691 0.0019 0.9591 0.9622 0.0031

Fig. 3 Contour plot of computed static pressure variation in noz-
zles A1 and B1. The main difference between the two cases is the
shock structure. Fig. 4 Comparison of predicted values of static pressure (along

the nozzle wall) with experimental measurements.18

In Eq. (9), E and H are written as

1 1– –E = e 1 u u 1 u0 u0 (11)2 i i 2 i i

rH = rE 1 p (12)

2 ­uk
= 2m S 2 m d (13)eff ij eff ijO 3 ­xkij

where Sij = [(­ui /­xj) 1 (­uj /­xi)]. qi = 2keff(­T/­xi) is the1–2
heat � ux vector. meff and keff are given as

m = m 1 m (14)eff L t

g m mL t
k = 1 (15)eff S Dg 2 1 Pr PrL t

In all of the computational results presented in this paper, the
value of g is set equal to 1.4, and the values of PrL and Prt

are set equal to, respectively, 0.72 and 0.9. m t is obtained from
a solution of the transport equations for turbulent kinetic en-
ergy k and its dissipation rate «.

The equations of the standard high-Reynolds number ver-
sion of the k-« model are

2m = C r(k /«) (16)t m

D ­ ­k
( rk) = P 2 r« 1 G (17)k kS DDt ­x ­xj j

2D « « ­ ­«
(r«) = C P 2 C r 1 G (18)«1 k «2 «S DDt k k ­x ­xj j

where

­uiP = 2ru0u0 (19)k i j
­xj

G = [m 1 (m /s )] and G = [m 1 (m /s )] (20)k L t k « L t «

The constants in Eqs. (16 – 20) are prescribed to be

C = 0.09, C = 1.43, C = 1.92, s = 1.0, s = 1.3m «1 «2 k «

(21)

A simple way of accounting for roughness, using the k-«
model, is via a modi� cation of the boundary conditions. The
most common approach uses the wall functions for the veloc-
ity, temperature, and turbulent kinetic energy, and its dissipa-
tion rate, which are speci� ed at the � rst grid location from the
solid boundary. The speci� cation of boundary conditions at the
� rst grid location makes oversimplifying assumptions about
the location of the numerical grid point within the turbulent
boundary layer. The grid point is usually chosen to lie in the
logarithmic region (of the boundary layer on a wall). The wall
functions used to prescribe the distribution of velocity and
temperature are modi� ed by incorporating in the expres-1kr

sions, to account for roughness.
For the wall function treatment, the velocity is assumed to

obey a universal pro� le of the following form, for smooth
walls:

1 1u = (u /u ) = (1/k)<n(y ) 1 B (22)p t

where y1 = yut /n, ut = represents the friction velocity,t /rÏ wall
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Fig. 5 Comparison of predicted values of static pressure (along
the nozzle upper wall) with various kr, with experimental data for
smooth walls.

Fig. 6 Comparison of computed values of pressure (for nozzle
A1) between the smooth and the rough walls with nondimensional
kr 1.0e23.

Table 3 Mass � ow and axial thrust coef� cients

Case
Predicted

value

Smooth-wall
experimental

and predicted data

a) Nozzle A1a

Smooth: Cd = 0.9598 DCd = 0.0202
Turbulent CF = 0.9672 DCF = 0.0228
Rough: Cd = 0.9599 DCd = 0.0201
kr = 0.0001 CF = 0.9640 DCF = 0.026
Rough: Cd = 0.9599 DCd = 0.0201
kr = 0.0002 CF = 0.9627 DCF = 0.0273
Rough: Cd = 0.9598 DCd = 0.0202
kr = 0.0004 CF = 0.9618 DCF = 0.0282
Rough: Cd = 0.9596 DCd = 0.0204
kr = 0.0006 CF = 0.9609 DCF = 0.0291
Rough: Cd = 0.9591 DCd = 0.0209
kr = 0.0008 CF = 0.9595 DCF = 0.0305
Rough: Cd = 0.9590 DCd = 0.021
kr = 0.001 CF = 0.9591 DCF = 0.0309
Rough: Cd = 0.9590 DCd = 0.021
kr = 0.002 CF = 0.9578 DCF = 0.0322

b) Nozzle B1b

Smooth: Cd = 0.9612 DCd = 0.0188
Turbulent CF = 0.9668 DCF = 0.0157
Rough: Cd = 0.9613 DCd = 0.0187
kr = 0.0001 CF = 0.9653 DCF = 0.0172
Rough: Cd = 0.9613 DCd = 0.0187
kr = 0.0002 CF = 0.9647 DCF = 0.0178
Rough: Cd = 0.9614 DCd = 0.0186
kr = 0.0004 CF = 0.9643 DCF = 0.0182
Rough: Cd = 0.9614 DCd = 0.0186
kr = 0.0006 CF = 0.9639 DCF = 0.0186
Rough: Cd = 0.9613 DCd = 0.0187
kr = 0.0008 CF = 0.9635 DCF = 0.019
Rough: Cd = 0.9614 DCd = 0.0186
kr = 0.001 CF = 0.9634 DCF = 0.0191
Rough: Cd = 0.9613 DCd = 0.0187
kr = 0.002 CF = 0.9625 DCF = 0.02
a
Area ratio, 1.09 and NPRd, 2.97. Experimental values: Cd, 0.98

and CF, 0.99.
b
Area ratio, 1.80 and NPRd, 8.81. Experimental values: Cd, 0.98

and CF, 0.9825.

up is the velocity magnitude parallel to the wall, and B = 5.1.
Following some manipulations, the value of the wall shear
stress can be expressed as

1/4 1/2rC k um p
t = (23)wall 1u

More details can be found in Shyy et al.15

The upward shift of the effective origin of the normal wall
coordinate can be translated into an equivalent shift in the
logarithmic pro� le (of the velocity in the inner layer), resulting
in a modi� ed form of the standard universal law-of-the-wall
correlation:

1 1 1u = (1/k)<n(y ) 1 5.5 2 DB(k ) (24)r

The term represents the downward shift in the velocity1DB(k )r

pro� le and is dependent on the nondimensional roughness pa-
rameter = krut /n. It has been found that is not a1 1k DB(k )r r

unique function of , but depends on the type of roughness.1kr

A functional form for has been proposed as follows,1DB(k )r

which spans the whole range of , from hydraulically smooth1kr

# 5), to transitionally smooth (5 # # 60), to fully1 1(k kr r

rough $ 60):1(kr

1 1DB(k ) . (1/k)<n(1 1 0.3k ) (25)r r

The correlation given by Eq. (25) matches the experimental
data assembled by Clauser (see Ref. 16, p. 426). Other cor-
relations have been proposed, as reviewed by Koh.17 Basically,
these formulas all share the same concept proposed by Rotta,12

who assumed that the universal law of the wall applied to both
smooth and rough walls.

III. Computational Technique and Flow
Con� guration

An application where the prediction of wall roughness effect
is of interest is in the high-speed � ow through nozzles. Any
roughness at the nozzle walls could lead to a deterioration in
the nozzle performance in terms of a loss in total pressure,
axial thrust, etc. Hence, a reliable prediction of the effect of
surface roughness will be a valuable contribution to the design
and manufacture of nozzles.

Experimental measurements on the turbulent � ow through
two-dimensional converging – diverging nozzles (with smooth
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Fig. 7 Variation of y+ and wall shear stress with various kr for
nozzle A1.

Fig. 8 Variation of y+ and wall shear stress with various kr for
nozzle B1.

walls) have been conducted by Mason et al.18 These experi-
mental measurements are used to validate our computational
studies of the turbulent � ow over a smooth wall (for a
converging – diverging nozzle). A sketch of the nozzle geom-
etry and the boundaries (of the computational domain) are pre-
sented in Figs. 1a and 1b. The inlet plane, the throat, and the
exit plane are denoted as i, t, and e, respectively. Table 1 gives
details of the nozzle geometry and other relevant parameters.
The notation used is identical to those in the report of Mason
et al.18 Md denotes the design Mach number, NPRd is the design
nozzle pressure ratio, and rc denotes the circular arc throat
radius.

To conduct computational analysis of the nozzle � ow� eld,
a numerical domain similar to that shown in Fig. 1b was used.
The computations were conducted using the computational ca-
pability developed by Krishnamurty,14 which employs the � nite
volume, multistage Runge – Kutta time-stepping scheme de-
veloped by Jameson et al.19

The computational domain is comprised of an in� ow bound-
ary, wall boundary, and an out� ow boundary, as shown in Fig.
1b. At the in� ow boundary, the stagnation pressure and stag-
nation enthalpy were held constant and the in� ow Mach num-
ber is speci� ed to be 0.23. The Reynolds number based on the
inlet height is 5.807 3 106. At the exit boundary, conditions
are obtained by extrapolation from the interior of the domain
because the � ow in the diverging portion of the nozzle is su-
personic. At the wall boundaries, the wall functions have been
used to prescribe the wall shear stress and boundary conditions
for the turbulent kinetic energy and its dissipation rate. The
walls are assumed to be adiabatic.

IV. Results and Discussion
A. Grid Independency

Computations were performed on two different grids (for
nozzle A1) to evaluate the dependence of the solution obtained
on the grid system used. Two grids, 1) with 297 3 61 and 2)

with 297 3 101 grid points, were used in this test. Care was
taken to ensure that the � rst grid point was at a location of
Dy1 = 20 – 40, as required by the wall-function treatment for
the k-« model. Figure 2 shows the comparison between the
solutions obtained using the two grid systems. Figure 2a pre-
sents the comparison between the grid systems for the smooth
wall (turbulent) case, and Fig. 2b presents the comparison for
the rough wall case with roughness height kr = 102 3. The pres-
sure distributions are essentially identical for the two grid sys-
tems. The nozzle performance parameters also indicated very
little difference between the two grid systems. The mass � ux
and axial thrust coef� cients, de� ned in the Appendix, are pre-
sented in Table 2 (for the two grid systems). It is evident that
there is minimal change in the values obtained; in fact, the
difference between the values obtained using the two grid sys-
tems is less than 0.5%. Therefore, all of the solutions presented
through the remainder of this paper have been obtained using
the 297 3 61 grid system for nozzle A1 and the 277 3 61
grid system for nozzle B1.

B. Comparison with Experiment: Smooth Wall

Figure 3 shows representative contour plots of the static
pressure variation in the two nozzles listed in Table 1. The
plots are presented to give a general idea of the structure of
the � ow� eld and to aid in the subsequent discussion. Com-
parisons have been made of the predicted pressure distribution
along the nozzle wall (with the experimental values) (Fig. 4).
Computations were performed with both the arti� cial-dissipa-
tion scheme developed by Jameson et al.19 and a second-order
� ux-vector splitting, Steger-Warming (upwind) scheme.20 The
arti� cial-dissipation scheme seemed to diffuse the discontinu-
ities to a greater extent (compared to the upwind scheme). All
of the results presented have been obtained using the second-
order, � ux-vector splitting scheme. Computations were also
performed with the modi� cations to the k-« model proposed
by Sarkar et al.,21 for the extra dissipation caused by com-
pressibility. No noticeable difference exists in the result ob-
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Table 4 Computed values of Cp0

Case

Cp0

Smooth
wall

Roughness kr

1.0e24 2.0e24 4.0e24 6.0e24 8.0e24 1.0e23 2.0e23

Nozzle A1 0.0194 0.0248 0.0264 0.0277 0.0289 0.0295 0.0299 0.0321
Nozzle B1 0.0275 0.0313 0.0324 0.0334 0.0342 0.0349 0.0352 0.0367

Fig. 9 Computed variation of normalized, average skin-friction coef� cient with roughness height.

tained in comparison with the unmodi� ed model. All of the
computational results to be presented in this section have
therefore been performed without any explicit modi� cation ac-
counting for compressibility.

C. Rough Wall Computations

Rough wall computations were performed with the modi� ed
wall-function treatment (to account for sand-grain roughness)
described in Sec. II. The wall was assumed to be rough in the
region x/l = 0.05 – 0.95 (the throat of the nozzle is at x/l = 0).
For the modi� ed wall-function computations, the roughness
was assumed to comprise uniformly distributed roughness el-
ements of nondimensional heights ranging from 102 4 to 2.0 3
102 3. The nondimensionalization is with respect to the inlet
height of the nozzle.

There is no known experimental information on the � ow
through nozzles with wall roughness in the unclassi� ed liter-
ature. However, the information presented next is consistent
with our experiences in cases where experimental guidance is
available. Figure 5 presents a comparison of the pressure dis-
tribution (for the various roughness heights) along the nozzle
upper wall with the experimental data for smooth walls. In the
case of nozzle A1, the increase in roughness height is seen to
result in a shift in the location of the peaks (in the pressure
distribution) and an overall smearing of the shock system,
which is especially evident in the pro� les at the higher rough-
ness heights. Nozzle B1, on the other hand, shows negligible
differences in terms of the pressure distribution (along the noz-
zle wall) for the various roughness heights. The reason for the
increased impact of roughness height observed in the � ow
through nozzle A1 is because of the multiple shock re� ections
resulting in a stronger interaction with viscous effects. The
comparison of pressure contours presented in Fig. 6 clearly
shows the shift in the location of the shocks (peaks in the
pressure pro� les) and the smearing of the peaks in the pressure
pro� le (shown in Fig. 6).

To evaluate the effect of wall roughness on the performance
of the nozzle, the mass � ow and axial thrust coef� cients are
computed using the equations given in the Appendix. The val-
ues for both the nozzle geometries (A1 and B1) are given in

Table 3 along with the experimental data (for smooth walls).
The mass � ow and the axial thrust coef� cients progressively
decrease from smooth to rough wall. However, the effect of
roughness is more pronounced for the nozzle with area ratio
1.09 (nozzle A1) than with the area ratio 8.81 (nozzle B1). Cd

is changed very little by the roughness effects for both nozzle
con� gurations. The axial thrust coef� cient, on the other hand,
decreases (progressively) with increases in roughness height,
more so in the case of nozzle A1 than nozzle B1.

To analyze the effect of wall roughness on the thickness of
the viscous layer (at the wall) and on the shear stress at the
wall, a viscous reference length is de� ned as the distance at
which the magnitude of k is less than 0.05 times the value in
the cell immediately adjacent to the solid wall. The nondi-
mensional distance at this reference point is determined.1yref

Figures 7 and 8 show the variation of this and the distri-1yref

bution of wall shear stress twall for the two nozzles A1 and B1.
It is evident from Figs. 7 and 8 that the value is substan-1yref

tially increased for the � ow with rough wall and they also
indicate an increase in the with an increase in roughness1yref

height. The location of peak values of correspond to the1yref

locations where the compression wave is incident on the wall,
thereby causing a thickening of the viscous layer. The thicker
viscous layer results in a reduction of the area available for
the core � ow and a streamwise shift in the location of the
peaks in . The reduction in the area available for the core1yref

� ow results in a reduction in the strength of the compression
leading to a smaller shock-induced total pressure loss. The
variation of twall shows a similar trend, as observed in the case
of . Again, the impact of increase in roughness height is1yref

seen to be more pronounced in the case of nozzle A1 than
nozzle B1.

The impact of viscous/roughness effects on the overall
losses can be analyzed by considering the loss associated with
skin-friction. To consider the impact of roughness height on
viscous losses, an average skin-friction coef� cient is de� ned
(see Appendix for de� nition). Because the two curves were
essentially parallel to one another, the losses associated with
skin-friction effects are quite similar for both nozzles. The
magnitude of the average skin-friction coef� cient was larger
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Fig. 10 Computed variation of normalized, total pressure loss coef� cient with kr.

Table 5 Nondimensional total
thrust and viscous drag

Case Fa Fw

a) Nozzle A1

Smooth: 0.3651 0.00350
Turbulent
Rough wall: 0.3639 0.0051
kr = 0.0001
Rough wall: 0.3634 0.0056
kr = 0.0002
Rough wall: 0.3630 0.00617
kr = 0.0004
Rough wall: 0.3627 0.00654
kr = 0.0006
Rough wall: 0.3622 0.00681
kr = 0.0008
Rough wall: 0.3620 0.00703
kr = 0.001
Rough wall: 0.3615 0.00780
kr = 0.002

b) Nozzle B1

Smooth: 0.4803 0.00309
Turbulent
Rough wall: 0.4795 0.00435
kr = 0.0001
Rough wall: 0.4793 0.00481
kr = 0.0002
Rough wall: 0.4790 0.00539
kr = 0.0004
Rough wall: 0.4788 0.00578
kr = 0.0006
Rough wall: 0.4786 0.00608
kr = 0.0008
Rough wall: 0.4786 0.00634
kr = 0.001
Rough wall: 0.4782 0.00724
kr = 0.002

for the case of � ow through nozzle A1 than that for nozzle
B1. The ratio C̄f /C̄f smooth is plotted in Fig. 9, as a function of
the roughness height. The variation in the skin-friction coef-
� cient (as a function of roughness height) for the two nozzles
is reminiscent of the � ow over � at-plate boundary layers,5 in
the sense that the variation of skin-friction seems to be inde-
pendent of the Mach number variations in the core � ow. While
this could be considered to be an artifact of the wall-function
treatment, the fact that the data points for two different nozzle
� ow� elds seem to collapse onto a single curve is too much of
a coincidence to ignore. It can be seen from this plot that the
losses associated with skin-friction are essentially independent
of the nozzle area ratio (thereby the Mach number variation)
and are a function of the roughness height only. A simple least-
squares � t was used to obtain a third-order polynomial ex-
pression relating the variation in skin-friction as a function of
the roughness height. This curve � t is shown as the solid line
in Fig. 9. The third-order polynomial is given as

3 2^(k ) = a 3 k 1 b 3 k 1 c 3 k 1 d (26)r r r r

where a = 2.6304 3 108; b = 21.014 3 106; c = 1.465 3 103,
and d = 1.309.

Another parameter that can be used to gauge the perfor-
mance of a nozzle is the total pressure loss coef� cient Cp0,
which is de� ned in the Appendix. The coef� cient Cp0 is useful
in examining the loss in total pressure associated with the � ow
through the nozzle con� guration. The values of the coef� cient
Cp0 for the two nozzle con� gurations is tabulated in Table 4.
The variation of the ratio Cp0/Cp0, smooth is plotted in Fig. 10. It
is evident from the values listed in Table 4 and from the plots
shown in Fig. 10 that while the magnitude of the loss is larger
for the � ow through nozzle B1, the effect of roughness is seen
to be more pronounced in the � ow through nozzle A1. The
total axial thrust Fa and the total viscous force Fw are de� ned
in the following equations:

F = total axial thrusta

2= ru dy 1 (p 2 p ) dy (27)ambE E
exit exit

F = total viscous force = 2.0 t ds (28)w wallSE D
wall

where ds is distance along the wall.
The change in axial thrust and the viscous force is computed

relative to the baseline case, i.e., the turbulent � ow over
smooth walls.

DF = F u 2 F u (29)a a rough a smooth

DF = F u 2 F u (30)w w rough w smooth

The values are tabulated in Table 5, and Fig. 11 shows a plot
of the loss in axial thrust and the change in viscous drag caused
by shear stress at the wall, as a function of the roughness
height.
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Fig. 11 Computed values of loss in axial thrust Fa and an in-
crease in viscous loss Fw relative to the baseline, i.e., the smooth-
wall (turbulent) case.

In Fig. 11, it can be observed that there is an increase in
viscous losses (as indicated by an increase in DFw) with an
increase in roughness height, and the trend is consistent for
both nozzle geometries. Also, there is a decrease in the total
axial thrust with an increase in roughness height. In Fig. 11,
it can also be seen that the change in DFa is smaller than the
rate at which the losses associated with skin-friction/roughness
change (as indicated by the change in DFw), implying that there
must be a reduction in the other losses (associated with the
� ow� eld). The total loss in the � ow� eld is a sum of the skin-
friction drag and the shock-induced loss. Therefore, in the noz-
zle � ow� eld there must be a reduction in the losses associated
with the shock system. The overall losses associated with the
turbulent � ow through the converging – diverging nozzle are
seen to be the result of a tradeoff between the reduction in the
total pressure loss and an increase in the viscous/roughness-
induced losses (indicated by C̄f ).

V. Conclusions
The shocks in the � ow through the nozzle are smeared by

the presence of rough walls while the frictional force on the
nozzle wall increases because of the growth of the viscous
layer and the enhanced momentum exchange in the wall re-
gion. Wall roughness causes increased wall shear stress but
reduces the strength of the shocks in the diverging channel.
There is a tradeoff between shock-induced losses and viscous/
roughness-induced losses. The effect of roughness is more pro-
nounced for the nozzle with the smaller area ratio than for the
larger area-ratio nozzle. The effect is true in terms of both the

static pressure rise and the decrease in the axial thrust coef� -
cient.

The losses associated with skin-friction indicate that the
Mach number variation has very little effect on the predicted
values of the ratio (C̄ f /C̄f smooth), similar to the observations in
the literature for � at-plate boundary layers. A very interesting
implication is that for � ow in the same regime, one can esti-
mate the effect of the wall roughness on the skin-friction in
different � ow conditions and geometries based on the analysis
of a single set of roughness data.

Appendix: Aerodynamic Coef� cients
Mass Flow Coef� cient

All of the dependent variables are nondimensionalized by
the inlet static pressure, density, speed of sound, and the spatial
coordinates by the inlet height. The actual mass � ow at the
exit of the nozzle is given by

mÇ = ruDA (A1)O
exit

where DA is the incremental area. The ideal mass � ow is given
as

(g1 1)/(g2 1)Ap0 2mÇ = (A2)i Îg S DRTÏ 0 g 1 1

The coef� cient Cd

C = mÇ /mÇ (A3)d i

Axial Thrust Coef� cient

Actual thrust vector

F = mÇ v 1 (p 2 p ) dA (A4)s ambO O
exit exit

Actual thrust in the axial direction (x component of the thrust
vector):

2F = ru Dy 1 (p 2 p )DA (A5)x s ambO O
exit exit

The ideal thrust is given by

(g1 1)/(g2 1) (g2 1)/g22g 2 pambF = A pi j 0 Î 1 2S D F S D Gg 2 1 g 1 1 p0

(A6)

The coef� cient CF

C = F /F (A7)F x i

Average Skin-Friction Coef� cient

Average wall shear stress (along the wall)

exit exit

t u = t ds ds (A8)wall av wallE YE
inlet inlet

where the shear stress is nondimensionalized by the inlet pres-
sure.

Average skin-friction coef� cient

t uwall av
C̄ = (A9)f 1 2– rU2 inlet
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Total Pressure Loss Coef� cient

Total pressure at the inlet

P = [(p ) 3 rU ] dy rU dy (A10)0i 0E YE
inlet inlet

Total pressure at the exit

P = [( p ) 3 rU ] dy rU dy (A11)0e 0E YE
exit exit

where p0 is calculated as

2 g /(g21)p = p 3 {1 1 [(g 2 1)/2]M } (A12)0

Total pressure loss coef� cient

C = (P 2 P )/P (A13)p0 0i 0e 0i
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